Let D be a locally finite, connected, 1-arc transitive digraph. It is shown that the reachability relation is not universal in D provided that the stabilizer of an edge satisfies certain conditions which seem to be typical for highly arc transitive digraphs. As an implication, the reachability relation cannot be universal in highly arc transitive digraphs with prime in-or out-degree.
Introduction

Let D(V, E) denote a digraph with vertex-set V (D) and edge-set E(D) ⊆ V (D) × V (D).
If not stated otherwise, digraphs considered in this paper are connected, infinite, locally finite (i.e. the in-degree d Highly arc transitive digraphs were considered in [1] from several different viewpoints, leading to, among others, constructions of highly arc transitive digraphs and a characterization of universal covering digraphs of highly arc transitive digraphs. Moreover, a number of interesting problems were posed in [1] , some of which have already been partially or completely solved (see [3, 6, 7, 9] ). An additional motivation for the study of these digraphs is their connection to totally disconnected locally compact groups (see [8] ).
In Section 3 we consider the reachability relation. An alternating walk in a digraph D is a sequence (v 0 , v 1 , . . . , v n ) of vertices such that, for each i, 0 < i < n, either (v i−1 , v i ) and (v i+1 , v i ) are edges, or (v i , v i−1 ) and (v i , v i+1 ) are edges in D. If e and e are edges in D then we say that e is reachable from e, written eAe , if there exists an alternating walk in D whose initial and terminal edges are e and e . Of course A is an equivalence relation, and the equivalence class containing e is denoted by A(e).
The relation A is closely related to the so-called property Z. (A digraph D has property Z if there exists a homomorphism from D onto the directed infinite line which is a Cayley digraph of the additive group of integers. Obviously, the reachability relation in such a digraph is not universal.) In [1] the problem of constructing highly arc transitive digraphs without property Z was posed and in [6] the first examples of such digraphs with finite in-and out-degrees were given. On the other hand it was shown in [9] that highly arc transitive digraphs with finite and unequal in-and out-degrees always have property Z. (In [3] an example is constructed of a highly arc transitive digraph that does not have property Z and has infinite in-degree and finite out-degree.) Hence, when looking for examples of highly arc transitive digraphs with finite in-and out-degrees and with universal reachability relation-a problem also posed in [1] -digraphs with equal in-and out-degrees are the only candidates. In Proposition 3.2 a connection between alternating walks in a given digraph and a certain somewhat technical condition placed on the stabilizer of an edge is established. As an immediate consequence it is shown that the reachability relation in a 1-arc transitive digraph D is not universal provided the in-and out-degrees of both are equal to a prime integer (Theorem 3.3). Moreover, the same holds provided the stabilizer of an edge e ∈ E(D), with respect to its action on edges adjacent to e, induces a group of a special form which, nevertheless, seems to be typical in the case of highly arc transitive digraphs D (Theorem 3.4).
Section 4 deals with the connection between highly arc transitive digraphs and totally disconnected locally compact groups (see [8] ). The first result is that if g is an element of a totally disconnected locally compact group G and the conjugacy class of g has compact closure in G then s(g) = 1 where s is the scale function on G. The proof of this relies on a simple result about bounded automorphisms of highly arc transitive digraphs. (An automorphism g of a connected digraph is said to be bounded if there is a constant C such that dist (v, g(v) ) ≤ C for all vertices v, where dist(−, −) denotes the usual digraph distance.) Next is a short proof of a theorem of Willis ([14, Theorem 2]).
In Section 2 we discuss connections between the concept of out-spread (see definition below and [1, Definition 3.5]) and results from [8] . A new characterization of connected highly arc transitive digraphs that have out-spread 1 is also given. Furthermore we present a result on bounded automorphisms of highly arc transitive digraphs which plays an important role in the proofs of the results in Section 4 but also seems to be of some interest on its own. We also show that for a highly arc transitive digraph D already the stabilizer of a vertex together with one additional automorphism generates a subgroup of Aut(D) which acts highly arc transitively on D.
Definitions, bounded automorphisms and out-spread
Since infinite connected highly arc transitive digraphs contain no directed cycles, the vertices of a line in such a graph are
Two positive (negative) halflines P and Q in D are equivalent if in the underlying undirected graph there are infinitely many disjoint paths connecting vertices in P to vertices in Q. The equivalence classes of all infinite paths (not necessarily directed) with respect to this relation are called the ends of D. The concept of ends can be defined in several different ways; this form of the definition is due to Halin [5] .
The set of descendants desc Let v ∈ V (D) and n a positive integer.
≤ n} we denote the ball of radius n with center v. In the case D admits a vertex transitive group of automorphisms, the cardinality of B(v, n) does not depend on the vertex v.
In [7] the descendants of lines are investigated. Some of the results in [7] are repeatedly used in the proofs later on. To facilitate reading of this paper we list those results below:
Lemma 2.1 ([7, Lemma 1]). Let D be an infinite locally finite highly arc transitive digraph. Then Aut(D) is transitive on the set of directed lines. Furthermore, if L
= (. . . , v −1 , v 0 , v 1 , . . .) is a directed line in D then there exists, for every k ∈ Z, an element g ∈ Aut(D) such that g(v i ) = v i+k for all i ∈ Z.
Lemma 2.2 ([7, Lemma 3]). Let D be an infinite locally finite highly arc transitive digraph. Suppose L is a line in D. Then
The undirected graph corresponding to F L has more than one end. Remark. These results can clearly be formulated analogously for E L .
Theorem 2.3 ([7, Theorem 1]). Let D be a locally finite highly arc transitive digraph. Suppose that there is a line
Bounded automorphisms of graphs have been investigated for example in [4, 10] . In [4, 16] the connections between bounded automorphisms, and FC elements (elements with finite conjugacy class) and FC − elements (elements in a topological group which have a conjugacy class with compact closure) are pointed out. In Section 4 we use the following result on bounded automorphisms of highly arc transitive digraphs to establish a result about FC − elements in topological groups. 
We can without loss of generality assume that some vertex w n is in desc(v 0 ). If necessary take a directed path P from v to v 0 and replace L 1 with P ∪ L 1 and L 2 with g(P ∪ L 1 ). Of course a finite part of g(P ∪ L 1 ), namely g(P), may not be contained in F L . But since this would not change the arguments of the following two paragraphs we do not take care of this case separately and assume in the sequel that
Since g is bounded we can assume that there is an integer k > 0 such that for infinitely 
The in-spread of a digraph D with finite in-degree is defined as the out-spread of the digraph one gets by reversing the direction of all the arcs in D.
In [7, Theorem 2] it is shown that the out-spread of a highly arc transitive digraph is always an integer. Furthermore, in [7] the emphasis is on the digraphs F L and E L . It is thus of particular interest to look at highly arc transitive locally finite digraphs We end this section with the following result about automorphism groups of highly arc transitive digraphs. 
Proposition 2.7. Let D be an infinite connected highly arc transitive digraph and let a group H act highly arc transitively on D. Furthermore, let v ∈ V (D), (v, u) ∈ E(D), and let g be an automorphism of D with g(v) = u. Then the group G = H v ∪ g acts highly arc transitively on D.
Proof. For each
Reachability
If a digraph D is 1-arc transitive, then the subdigraphs A(e) induced by A(e) are isomorphic to a fixed digraph which will be denoted by ∆(D). In [1] the following result about ∆(D) was shown: There are examples of highly arc transitive infinite digraphs for which the reachability relation is universal (see [1, p. 378] ), but no example of an infinite locally finite highly arc transitive digraph with universal reachability relation is known. As mentioned in the introduction all highly arc transitive digraphs with finite and unequal in-and out-degree have property Z which implies that they cannot have universal reachability relation. Hence the following results are formulated only for digraphs with equal in-and out-degrees.
We have chosen a quite general approach to the question of universality of the reachability relation. It is based on the analysis of the action of the stabilizer of an edge
The results of this section can be seen as illustrations of this approach.
Let a group G act on a set V and let Ω ⊆ V be setwise fixed by G. By G Ω we denote the pointwise stabilizer in G of Ω , and by
Proposition 3.2. Let D be a digraph such that in-degree and out-degree of any vertex are equal to a fixed integer d. Let G = Aut(D), e = (u, v) ∈ E(D) and Ω ⊆ V (D)\{u, v}.
Furthermore, let H be a subgroup of G u,v which fixes Ω setwise and stabilizes no vertex from Ω . If all proper subgroups of H Ω have index at least d, then there is no alternating walk with initial edge e and terminal vertex in Ω .
Proof. Let f be an edge adjacent to e such that e ∪ f determines an alternating walk, and let w / ∈ {u, v} denote a vertex of f . Since the orbit of w under H has length less than d, the stabilizer H w of w has index less than d in H . Therefore |H Ω : H Ω w | < d also holds. But this implies H Ω w = H Ω by our assumption. Since H stabilizes no vertex from Ω , H w also has this property. By induction this property extends to the stabilizer of all vertices contained in an alternating walk with initial edge e.
In particular let P be such an alternating walk with its terminal vertex x ∈ Ω . Then the pointwise stabilizer H V ( P) satisfies H Ω V ( P) = H Ω and fixes x, contradicting the fact that H stabilizes no vertex from Ω . We mention that the examples of those highly arc transitive digraphs without property Z which were constructed in [6] do not have a universal reachability relation. This follows also from Theorem 3.3 since those digraphs have in-degree and out-degree equal to 2.
Similar arguments can be used to prove the following more general result. We mention that also Theorem 3.3 can be deduced from the following one by putting d = p and K ∼ = Z p . We mention that the nontrivial permutation representations of smallest degree of all finite simple groups are known. See [12] , where the determination of such representations of finite simple groups modulo their classification was completed. In connection with the results of this section it would also be interesting to know which permutation groups can arise as Aut
Theorem 3.4. Let D be a 1-arc transitive digraph with d
where (u, v) is an edge of a locally finite highly arc transitive digraph D.
Highly arc transitive digraphs and topological groups
The theory of locally compact groups is that part of the theory of topological groups that has widest appeal and most applications. When looking at locally compact groups there are the connected groups on one end of the spectrum and the totally disconnected groups on the other end of the spectrum. The automorphism group of a locally finite connected graph with the topology of pointwise convergence is an example of a totally disconnected locally compact group [11, 16] .
An important result in the theory of locally compact totally disconnected groups is the theorem of van Dantzig [2] that such a group must always contain a compact open subgroup. The applications that follow involve concepts and ideas from the structure theory developed by Willis, see [13, 15] . The important concepts of Willis's theory are the scale function and tidy subgroups. and
Say U is tidy for g if
(B) Let G be a locally compact totally disconnected group. The scale function on G is defined by the formula
The connection between the scale function and tidy subgroups is described in the following theorem due to Willis. Willis's theory can be understood in terms of graphs and automorphism groups of graphs, see [8] . In this approach to Willis's theory a fundamental role is played by highly We now turn to bounded automorphisms and the scale function.
Definition 4.4. Let G be a totally disconnected locally compact group. An element g in G is said to be an FC − element if the conjugacy class of g has compact closure in G.
Suppose now G is a totally disconnected locally compact group and that G acts as a group of automorphism on some connected locally finite graph X. We now turn to periodic elements and cycles in digraphs.
Definition 4.6. An element g in a topological group G is said to be periodic if the closure of the cyclic subgroup g is compact in G. Define P(G) as the set of all periodic elements in G.
Suppose now that G is a totally disconnected locally compact group and U is a compact open subgroup of G. Considering the action of G on the coset space G/U we can recognize the periodic elements because they are the only elements generating cyclic subgroups that have all their orbits finite (follows from [16, Lemma 2] ). The following proof of [14, Theorem 2] further illustrates the use of highly arc transitive digraphs in the theory of totally disconnected locally compact groups. 
